The meaning of compatibility in systems of taper and volume equations has been extended. It is desirable and possible to develop completely compatible taper and volume equation systems that have algebraic compatibility and numeric consistency among all the component equations. Two such taper and volume systems were developed for slash pine in the southeastern United States. One was derived from a recently developed merchantable volume equation (Zhao and Kane 2017) , and the other was derived from the well-known Max and Burkhart segmented polynomial taper equation (1976). Three fitting methods were used to obtain numerically consistent estimates of parameters in these two systems. The performance of the systems associated with fitting methods were evaluated with taper, merchantable volume and total volume predictions, and bias trends over different dbh classes, total height classes, and different relative height intervals. The new system outperformed the Max-Burkhart taper-based system for merchantable and total volume predictions and was competitive in diameter prediction. Optimization of parameters of the system for both taper and cumulative volume simultaneously is preferable to separate optimization for taper or volume only.
T he development of tree volume and taper equations has a long history. Volume tables and equations were produced more than 200 years ago (c.f., Clark 1902) , and the form and taper of tree stems have been studied for more than 100 years (c.f., Beher 1923) . The theory of compatible taper and volume equation systems was first introduced in the early 1970s (Demaerschalk 1971 (Demaerschalk , 1972 . Since then, the meaning of compatibility in taper and volume equation systems has been expanded, and several approaches for developing compatible systems of taper and volume equation have been proposed.
As initially defined by Demaerschalk (1971 Demaerschalk ( , 1972 Demaerschalk ( , 1973 , compatible taper equations, when integrated, produce an identical estimate of total volume to that given by existing volume equations. When Clutter (1980) developed taper functions from variable-top merchantable volume equations, compatibility meant that integrating taper equations along the length of any section of the tree bole must produce the volume of that section obtained from the corresponding variable-top merchantable volume equations. Now, the concept of compatibility in a system of taper and volume equations has been expanded so that all component equations (taper, total volume, and merchantable volume) in that system are algebraically compatible with each other. Generally speaking, algebraic compatibility means that parameters of one equation can be written in terms of parameters in another equation. For example, algebraically rearranging parameters of a taper equation gives parameters for a corresponding merchantable volume equation and total volume equation. Conversely, parameters of a taper equation and a total volume equation can be obtained from the parameters of a merchantable volume equation. In such an algebraically compatible system, therefore, the taper equation and merchantable volume equation share the same set of parameters. Furthermore, estimation of parameters in an algebraically compatible system should ensure numeric consistency among the component equations. In other words, all component equations in that system also share the same parameter estimates. Thus, we can define a completely compatible taper and volume equation system as one that has both the algebraic compatibility and the same parameter estimates.
Two common approaches are available to develop algebraically compatible taper and volume equations. One is to develop taper equations first, then integrate the taper equation to get merchantable volume and total volume equations. More complicated taper equations may be more accurate for predicting stem taper, such as the Kozak (2004) variable-exponent taper equation (Li and Weiskittel 2010) , but deriving closed-form compatible merchantable and total volume equations from some complex taper equations is almost impossible. The second approach is to derive compatible taper equations from volume equations by solving a differential equation after differentiating that volume equation (e.g., Clutter 1980 , Bailey 1994 or by differentiating the volume equation only (e.g., Van Deusen et al. 1982 , Lynch et al. 2017 , depending on the volume model forms. No matter which form a merchantable volume model (V m ) has, it can always be expressed as total stem volume (V T ) multiplied by the ratio of merchantable to total volume (R) (see Appendix A). Thus, deriving compatible taper equations from merchantable volume equations essentially becomes deriving compatible taper equations from the volume ratio functions (R).
Deriving compatible taper equations from upper diameter (d)-based volume ratio equations ( ) R d requires the solution of a differential equation after differentiating that volume ratio R d with respect to upper height (h). Thus, deriving closed-form compatible taper equations is not difficult from R d s with power functions of d (e.g., Clutter 1980 , Bailey 1994 , Fang and Bailey 1999 , Fang et al. 2000 , but almost impossible from R d s with exponential functions of d [except in Jordan et al. (2005) with a complicated Incomplete Gamma function]. However, taking the partial derivative of upper height-based volume ratios ( ) R h with respect to h directly leads to compatible taper equations (Van Deusen et al. 1982 , Reed and Green 1984 , Lynch et al. 2017 . Whether R h is a power function or an exponential function of h, it is possible to derive closed-form compatible taper equations. For given merchantable volume equations, there is a corresponding uniquely defined compatible taper function (Clutter 1980) . The resultant taper and volume equation cannot guarantee algebraic compatibility if the general volume ratio function R (R d or R h ) does not satisfy four conditions (see Appendix A).
To ensure numeric consistency among component equations in an algebraically compatible system, three methods can be used to obtain parameter estimates. The first method is to fit the taper equation to taper measurement data and then extract the parameters for the merchantable volume and the total volume equations from the fitted taper equation (Goulding and Murray 1976) . The second method is to fit the merchantable volume equation to cumulative volume data first, then extract the parameters for the total volume and taper equations from the fitted merchantable volume equation (Lynch et al. 2017, Zhao and Kane 2017) . The third method is to simultaneously fit the taper equation and merchantable volume equation to the taper measurement data and cumulative volume data of the same sampled trees (Van Deusen 1988 , Fang et al. 2000 . To the best of our knowledge, there is no study exploring how these methods change the system performance in predicting taper, merchantable volume, and total volume. Some researchers separately fit a volume equation and a taper equation, then adjust the coefficients of the taper equation so that the summation of volumes of tree segments derived from the taper equation is equal to the tree volume as estimated from the volume equation (e.g., Munro and Demaerschalk 1974) , or the resulting taper model produces predictions that match dbh and/or total volume predicted separately from the total volume equation (e.g., Özçelik and Cao 2017) . These conditioning methods would not necessarily improve the fit of the taper equation (Özçelik and Cao 2017) .
This study compared two algebraically compatible systems of taper and volume equations: one was derived from a newly published merchantable volume equation (Zhao and Kane 2017) and the other was derived from the well-known Max and Burkhart (1976) segmented polynomial taper equation with the quadraticquadratic-quadratic (Q-Q-Q) form. The systems, along with three different parameter estimation methods, were evaluated in terms of taper, merchantable volume, and total volume predictions. The objective was to develop a completely compatible system that can more accurately and precisely predict total volume, merchantable volume, and diameter at any specified height for slash pine (Pinus elliottii Engelm.), a leading timber species in the southeastern United States.
Data
Data used in this study are from two data sets of measurements on slash pine trees sampled from plantation plots in the coastal plain of Georgia and north Florida. The first data were obtained from 134 trees felled in 2013-2016 and the second data were from 1,289 trees felled in 1993, 2012, and 2013 . Four sample trees without any obvious abnormalities were felled on each sample plot. Two trees classified as dominant or codominant were selected from a large dbh class, a third tree was selected from the average dbh class, and a fourth tree was selected from a dbh class smaller than the average dbh class. Each sample tree was measured for dbh with a diameter tape and, after felling, for total height with a measuring tape. The sample trees in the first data set were cut leaving a 0.15-m stump, then diameter outside bark (cm) at 0.15, 0.61, 1.22, 2.44, 3.66, 4.88 m . . . up to a top diameter of <5.1 cm was measured. The felled trees in the second data set were cut into 1.52-m bolts starting at ground level up to a top diameter of <5.1 cm. Each bolt was measured for diameter outside bark at the small end. Total tree volume outside bark and cumulative volume from the butt to successive bolt heights were calculated using the overlapping bolts method of Bailey (1995) . Distribution of all sampled trees by dbh and total height classes is shown in Table 1 .
Methods

Systems of Taper and Volume Equations
The following notation will be used throughout the rest of this article. Other notations specific to a particular equation will be listed with the equation The first system was derived from the following volume ratio function, which is the best model form selected from eight new upper height-based volume ratio models proposed by Zhao and Kane (2017) :
This volume ratio function satisfies all four conditions (I-IV). In general, a compatible taper equation can be derived from the volume ratio R p or R h (Lynch et al. 2017) :
The parameter β in Eq. 1 is strongly related to tree volume, and Eq. 1 could be modified as
Thus, the corresponding merchantable volume equation could be written as
Eq. 5 was originally presented by Schumacher and Hall (1933) in the logarithmic form. Eqs. 4-6 constitute the first system of taper and volume equations, which is algebraically compatible among component equations. That is, Eq. 4 and Eq. 6 share the same set of parameters a a a , , and with Eq. 5.
The second system was derived from the well-known Max and Burkhart (1976) six-parameter Q-Q-Q taper equation. The MaxBurkhart taper equation was rewritten in the following form: 
Integrating Eq. 7 results in the following merchantable volume equation: 
Eq. 9 is a special case of the constant-form factor volume equation (Spurr 1952) . Eqs. 7-9 comprise an algebraically compatible taper and volume equation system.
Fitting Methods
The systems of taper and volume equations derived above consist of three interdependent components: the taper equation, the merchantable volume equation, and the total volume equation. Due to their algebraic compatibility, three fitting methods were used to obtain parameter estimates and to ensure numeric consistency among the component equations.
Fitting Method 1 (FM-1)-Fitting to Taper Data
The taper equation was fit using weighted nonlinear least squares (WNLS). First, the taper equation in each system was fit to the taper measurement data using nonlinear least squares. Second, the estimated errors from the first step were modeled as a power function of D, H, and h, yielding a weight function for heteroscedasticity (Parresol 2001 , Zhao et al. 2015 . Third, after fixing the weight function and refitting the taper equation using the WNLS, an autoregressive function AR(2) was determined to be best to describe the correlation between successive measurements on the same tree. Last, the taper equation was refit using the WNLS with the fixed weight function and an AR(2) correlation structure. After finally refitting the taper equation to taper measurement data, parameter estimates for the merchantable volume equation and the total volume equation in the system were extracted from the fitted taper equation, respectively.
FM-2-Fitting to Cumulative Volume Data
The merchantable volume equation was first fitted to cumulative volume data using the nonlinear least squares. In the same manner used for fitting the taper equations above, a weight function was developed to address heteroscedasticity, and a better autoregressive function [i.e., AR(2)] was found to account for the correlation between successive measurements on the same tree. Finally, the merchantable volume equation was refit with WNLS using the fixed weight function and the AR(2) correlations. After finally refitting the merchantable volume equation to cumulative volume data, parameter estimates for the corresponding taper equation and the total volume equation were calculated or extracted from the fitted merchantable volume equation.
FM-3-Simultaneously Fitting to Taper and Cumulative Volume Data
First, the merchantable volume equation and taper equation in each system were simultaneously fitted to taper measurement data and cumulative volume data of the same sample trees using nonlinear seemingly unrelated regression (NSUR), which accounts for the inherent correlation between the taper and volume equations. Then, based on the estimated errors of the unweighted NSUR, a unique weight function as a power function of D, H, and h was formed for each equation, and an autoregressive function AR(2) was found appropriate for both taper and merchantable volume equations. Finally, after fixing the weight functions, the merchantable volume and taper equation system were simultaneously refit using weighted NSUR with the AR(2) structure to estimate all parameters.
When h H = in the original data, observed d h ( ) = 0 and observed merchantable volume are equal to observed total tree volume. It is theoretically correct that when h is equal to H in the two systems, the merchantable volume equations (Eqs. 4 and 8) will convert to the corresponding total volume equations (Eqs. 5 and 9), respectively. In the first system, the merchantable volume equation (Eq. 4) contains 1 − h H / . The nonlinear parameter estimation algorithm makes use of logarithms of 1 − h H / , and the logarithm will be undefined when h H = . Thus, the observations of total volume will be ignored and cannot be used directly in FM-2 and FM-3. It is not reasonable to estimate parameters to predict total volume without having the total volume observations involved in the parameter estimation processes (Fang et al. 2000) . To solve this problem in the parameter estimation processes, the merchantable volume equation in the first system was rewritten as:
where
. The merchantable volume equation V h and the total volume equation V T are defined by Eqs. 4 and 5 in the first system, respectively. Similarly, the taper equations were rewritten as:
where the taper equations are defined by Eqs. 6 or 7. All the model fits were performed using the MODEL Procedure in the SAS/ETS 9.3 (SAS Institute, Inc. 2011).
Model Assessment and Evaluation
The common statistics of average error (E), relative error (RE), standard error of estimate (SEE), relative standard error of estimate (RSEE), and the coefficient of determination (R 2 ) were calculated for upper stem diameter, cumulative volume, and total tree volume to evaluate the taper and volume equation systems with the three fitting methods.
To more closely examine the effectiveness of the systems associated with the fitting methods, the average errors of estimated stem diameter, cumulative volume, and total tree volume were determined by dbh class, total stem height class, and relative height interval from the ground and were compared graphically.
Results and Discussion
As shown in the Appendix A, a uniquely defined compatible taper equation could be derived from a given volume ratio function, regardless of R d , or R h . The methodologies used to derive such a compatible taper equation from R d (e.g., Clutter 1980 , Bailey 1994 or from R h (e.g., Van Deusen et al. 1982 , Reed and Green, 1984 , Lynch et al. 2017 can be unified by taking the partial derivative of merchantable volume equations with respect to h. To achieve the algebraic compatibility in a system of taper and volume equations, the volume ratio function in that system (or implied in that system) should satisfy all four conditions (see the Appendix A). However, most previously published volume ratio functions do not satisfy all four conditions. For example, volume ratio models used by Burkhart (1977) , Cao and Burkhart (1980) , Pienaar et al. (1985 Pienaar et al. ( , 1987 , Gregoire and Schabenberger (1996) , and Bullock and Burkhart (2003) do not satisfy the first condition. Zhao and Kane (2017) proposed several upper height-based volume ratio functions that satisfy all four conditions, and their corresponding compatible taper equations are given in Lynch et al. (2017) .
Parameters for the two algebraically compatible systems were estimated by FM-1, FM-2, and FM-3, respectively, to ensure numeric consistency among component equations. There are some differences in parameter estimates and some big differences in parameter standard errors due to the fitting methods (Tables 2 and 3 ). Parameters in the system were optimized only for taper in FM-1 and were optimized for cumulative volume and total volume in FM-2. In FM-3 all parameters in the system were optimized for taper, cumulative volume, and total volume. When fitting the merchantable equation in the first system using FM-2 and FM-3, the technique described above (Eq. 10) was used to avoid undefined logarithms so that the total volume observations were used in the parameter estimation processes.
The residual variances were stabilized with the weight functions (Tables 2 and 3 ). The correlations between successive measurements on the same tree were described as an AR (2) structure. The measurements of the two data sets in this study were not conducted with the same spacing between measurements. Some correlation structures with continuous functions of distance between measurements might perform better. But the preliminary analysis suggested that their improvement was minimal compared with AR(2) for this specific study.
Overall, both systems performed well with R 2 0 978 > . for all taper, merchantable volume, and total volume predictions (Table 4) . Given a fitting method, the first system provided better prediction for merchantable and total volumes, and the second system provided a little better prediction for taper, in terms of E, RE, SEE, RSEE, and R 2 . Both FM-2 and FM-3 improved cumulative and total volume predictions and slightly improved taper prediction compared to FM-1 for the first system. For the second system, both FM-2 and FM-3 improved cumulative and total volume predictions but did not change the performance of the taper equation. Given a system, the estimation methods could be ranked based on either the errors or standard errors of estimates of taper, merchantable volume, and total volume (Kozak and Smith 1993) . For the first system, either by overall average errors or by overall standard errors of estimates, FM-3 ranked first and FM-1 ranked Table 2 . Parameter estimates and their standard errors (italic values) and the associated weight function for the first system of slash pine taper and volume equations from three approaches.
Fitting method
Weight function In fitting method FM-1, the taper equation (Eq. 6) is fitted to taper data, then the estimated parameters are substituted into the merchantable volume equation (Eq. 4) and the total volume equation (Eq. 5). In fitting method FM-2, Eq. 4 is fitted to cumulative volume data, the estimated parameters are substituted into Eq. 6 and Eq. 5. In fitting method FM-3, the six parameters are estimated by simultaneously fitting Eqs. 4 and 6 to cumulative volume and taper data. a p = 0.0019; b p = 0.0084; others p < 0.0001. In fitting method FM-1, the taper equation (Eq. 7) is fitted to taper data, then the estimated parameters are substituted into the merchantable volume equation (Eq. 8) and the total volume equation (Eq. 9). In fitting method FM-2, Eq. 8 is fitted to cumulative volume data, the estimated parameters are substituted into Eq. 7 and Eq. 9. In fitting method FM-3, the six parameters are estimated by simultaneously fitting Eqs. 7 and 8 to taper measurement data and cumulative volume data. All p < 0.0001. 
Since the six parameters in each of the two systems are shared by the taper, merchantable volume, and total volume equations, p is 3 in this case. Downloaded from https://academic.oup.com/forestscience/article-abstract/65/1/1/5103506 by U S Dept of Agriculture user on 02 July 2019 third (Table B .1 in Appendix B). For the second system, FM-3 also ranked first and FM-1 ranked third by overall standard errors of estimates; the fitting methods were equally ranked by overall errors.
The local performances of a given system were changed by the parameter estimation methods (Figures 1 and 2) . For the first system, it was a little surprising that even when the taper equation Figure 1 . Comparisons of the average errors of estimated outside-bark diameter and merchantable volume by dbh class, total height class, relative height from ground using the first system fitted by FM-1 (fitting to taper data), FM-2 (fitting to cumulative volume data), and FM-3 (simultaneously fitting to taper and cumulative volume data). Figure 2 . Comparisons of the average errors of estimated outside-bark diameter and merchantable volume by dbh class, total height class, relative height from ground using the second system fitted by FM-1 (fitting to taper data), FM-2 (fitting to cumulative volume data), and FM-3 (simultaneously fitting to taper and cumulative volume data).
was fitted to taper data, the fitted taper equation generally did not provide the best prediction for taper (Figure 1a, c, e) , although it might have small diameter errors for small trees (dbh <13 cm or total height <17 m), trees in some large DBH classes >23 cm, or near the bottom and at top sections (<20% and >80% of total height). Furthermore, the first system with FM-1 provided the worst prediction for merchantable volume, having larger errors for large trees or on the upper half of the stem (Figure 1b, d, f ) , and total volume (Table 4 ). This suggests that it might not be a good practice to estimate cumulative volume or total volume based only on the developed taper equation with FM-1. For the first system, it is clear that FM-3 performed better than FM-1 and FM-2 in terms of merchantable volume, total volume, and taper predictions.
For the second system, FM-1, FM-2, and FM-3 produced very similar results for taper prediction over dbh classes and total tree height classes (Figure 2a, c) . FM-1 and FM-3 also had very similar diameter error patterns at stem portion from ground to top, but FM-2 had relatively higher diameter errors near the butt (<1.37 m) and at top sections of tree (>80% total height) (Figure 2e ). FM-1 produced the worst results for merchantable volume prediction (Figure 2b , d, f ) and total volume prediction (Table 4) among the three estimation methods. There were no large differences between FM-2 and FM-3 in merchantable and total volume predictions.
Compared with FM-1, FM-2 and FM-3 substantially improved the estimation of merchantable volumes for both systems, because the magnitudes in average errors at various portions were smaller than for FM-1. With FM-2 or FM-3, the second system systematically underestimated merchantable volume from the ground to the top. For the second system, the change from systematic overestimation of merchantable volume with FM-1 to underestimation of merchantable volume with FM-2 or FM-3 is partly because the total volume equation in that system is a constant form factor function (Eq. 9). This total volume equation with parameters calculated from the fitted taper equation (Eq. 7) overestimated total volume and had a smaller value of R 2 (0.978) and larger values of SEE (0.024) and RSEE (11.68%) ( Table 4 ). The Schumacher and Hall (1933) volume equation in the first system (Eq. 5) provided better estimates of the total volume ( R 2 0 980 = .
, SEE = 0.023 and RSEE = 11.01%) even with parameters extracted from the fitted taper equation (Eq. 6).
The taper and merchantable volume equations in an algebraically compatible system share the same parameters, so the simultaneous estimation approach is recommended (Fang et al. 2000) if taper, merchantable (i.e., cumulative) volume, and total volume observation are available. Our results further supported this recommendation. In the theory of seemingly unrelated regressions, the seemingly unrelated regression estimation is generally more precise for estimating the parameters than separate estimation of equations in the system if the equations have correlated errors. Our results showed that FM-3 had a lower standard error or an equivalent standard error, though there were a few exceptions. Of course, sometimes the difference was not very much (Tables 2 and 3) .
Using FM-3, the two favored systems fit reasonably well. More than 98.1% of the variation about the mean values of d, V m , and V T is explained by the model systems (Table 4) (Table 4 ; or relative height 100% in Table 7 ). The two systems associated with FM-3 were ranked on the errors and standard errors of estimates for outside bark diameter, merchantable and total volumes for different dbh classes (Table 5) , for different total height classes (Table 6 ), and at different relative height levels from ground (Table 7 ). Our new system (i.e., the first one) ranked first (Table B .2 in Appendix B). Fang et al. (2000) developed an eight-parameter system of compatible inside bark taper and volume equations for slash pine based on segmented-stem form factor equations. Our systems had six parameters fitted to outside bark taper and volume for slash pine. Even though we did not fit Fang's system to our data, we could still compare approaches using the relative values of some fitting statistics. The relative error and SEE of total inside bark volume in the system of Fang et al. (2000) are 0.38% and 12.46%, respectively. Across dbh and total height classes and from ground to top, the first system generally had smaller values of the relative error and SEE of merchantable volume than either Fang's system or our second system. The relative error and SEE of upper diameter across dbh and total height classes and from ground to top indicated that the first system can be competitive with the second system and Fang's system for modeling slash pine taper, although the first system had larger errors at heights >80% of total height. Lynch et al. (2017) also found that Eq. 6 in the first system and Eq. 7 in the second system were competitive in performance when fitted to loblolly pine taper data. Although the first one appears to have a more complex nonlinear form, the two systems are about equally complex because both have six parameters. The system of Fang et al. (2000) has eight parameters and is more complex but did not perform better than our first one. A better taper equation not only needs to predict stem form well but also provide accurate estimates of stem volume (Li and Weiskittel 2010) . Here, stem volume should include variable-top merchantable volume and total stem volume. More complicated taper equations might be more accurate for predicting stem taper, but it is difficult to derive closed-form compatible merchantable and total volume equations from them, as discussed in Appendix A. When taper equations do not have corresponding closed-form merchantable and total volume equations, their usefulness is limited in practice due to the difficulty of implementing them for volume estimation. This is one reason why most studies have compared the accuracy of stem taper equations in predicting taper only, rather than in total volume and especially in merchantable volume. For a given species, comparison of taper equation forms oftentimes found that some forms performed better in predicting diameters and some other forms were superior in estimating stem volume. It is reasonable to develop a taper equation that performs better for both taper and volume rather than to select one for diameter, another for volume. To achieve this goal, developing compatible taper and volume equations could be a good choice.
Previous studies either fitted taper equations to taper data only (Lynch et al. 2017) , fitted merchantable volume equations to cumulative volume only (Bailey 1994) , or simultaneously fitted taper and merchantable volume equations to taper and cumulative volume data (Coble and Hilpp 2006, Özçelik and Cao 2017) . A very limited number of studies (e.g., Fang and Bailey 1999, Fang et al. 2000) have simultaneously fitted all component equations in the system. In our current study, we comprehensively compared three parameter estimation methods including simultaneous estimation approach, all of which ensure numeric consistency among component equations in algebraically compatible systems. In addition to goodness-of-fit statistics, the system should be evaluated in predicting upper diameter and merchantable volume across dbh classes, total height classes, and at relative heights from ground to top.
Compatible taper and volume systems offer many benefits such as additivity and flexibility over traditional taper equations (Fang et al. 2000, Li and Weiskittel 2010) . However, in the current study, we demonstrate that keeping taper equation and merchantable and total volume equations algebraically compatible does not guarantee accurate estimates of all components in the system (taper, merchantable, and total volumes). The performance of a given algebraically compatible system could be changed by parameter estimation methods, even though these methods ensure numeric consistency among component equations in that system.
Conclusions
The meaning of compatibility of taper and volume equation systems is being extended. A completely compatible system of taper, total, and merchantable volume equations should be algebraically compatible and numerically consistent among all component equations. To achieve the algebraic compatibility of a system either derived from a taper equation or from a merchantable volume equation, there exists a corresponding volume ratio function R that should satisfy all four conditions (see Appendix A). In addition, the taper function should be capable of being integrated over 0 ≤ ≤ h H . At minimum, all the component equations should have a closed form. To ensure numeric consistency in an algebraically compatible taper and volume equation system, parameters in that system could be estimated by FM-1, FM-2, or FM-3, depending on the available data. Van Deusen et al. 1981 , Tasissa et al. 1997 , the corresponding compatible taper equations either do not have a closed form or are involved with a complicated Incomplete Gamma function (Jordan et al. 2005 (Lynch et al. 2017, Zhao and Kane 2017) . In the third class of merchantable volume equations, V top or R are functions of both d and h. A closed-form compatible taper equation could be derived from this class of merchantable volume equation with power functions of both d and h (Bailey 1994) .
In the first class of the merchantable volume equations, there are two types of V m equations associated with power functions of d, from which closed-form compatible taper functions can be derived. One type used by Honer (1964) , Burkhart (1977) , and Cao and Burkhart (1980) is
(A.1) Compatible taper functions to merchantable volume equations of this type were developed by Clutter (1980) . Equation (A.1) could be further extended to a general form as
Another type of variable top-diameter merchantable volume equations is defined as total volume minus top volume. The general form is (Reed and Green 1984) that the methodology for deriving compatible taper equations from a volume ratio R d or R h can be unified by taking the derivative of merchantable volume with respect to upper height limit h. That is, either from variable top-diameter merchantable volume equations or from variable top-height merchantable volume equations, the same approach could be followed to derive compatible taper equations:
where k = π / 40 000 for metric units or k = π / 576 for English measurement units. Differentiating both sides of A.6 with respect to h yields
Solving for d h ( )yields a compatible taper equation:
Zhao and Kane (2017) proposed 11 height-based volume ratio functions. All these ratio functions are differentiable with respect to h, and the corresponding taper functions are given in Lynch et al. (2017) . Differentiating both sides of A.7 with respect to h leads to
According to A.5, we can get
or, following some rearrangement, . To achieve the algebraic compatibility in a taper and volume system, the volume ratio function in that system or implied in that system should satisfy all these four conditions. Because the ratio function A.20 does not meet condition I, the resultant system composed of A.22, A.23, and A.24 is not algebraically compatible. When β = 1 in A.21, the volume ratio satisfies all the four conditions, and then the resultant system composed of A. 24, A.25, and A. 26 Amateis and Burkhart 1987 , Tasissa et al. 1997 , Bullock and Burkhart 2003 is that the resultant taper functions cannot be guaranteed to be compatible. That is, integration of such taper functions will not necessarily be equal to the merchantable volume functions based on ratio equations in the system.
Appendix B
For a given system, three fitting methods (FM-1, FM-2, and FM-3) were ranked based on the absolute value of average errors (E) and standard errors of estimates (SEE) of all three attributes: taper, merchantable volume, and total volume in Table 4 . The attributes were equally weighted. Rank one was used for the best method and three for the poorest. Table B .1 shows the sum of the ranks of the fitting methods for each system. Table B .1. Sum of the ranks, and ranks based on the rank sum (in brackets) of the three fitting methods by the systems.
System
Description Estimation methods
For a given fitting method such as FM-3, the two systems were ranked based on the performance of estimation of diameters and volumes for different tree sizes and for different portions of the stem, using the average errors and standard errors of estimates in Tables 5 to 7 . Each system was assigned a rank separately for every DBH class, for every total height class, and for every relative height levels for diameters and volumes. These ranks were summed for the average errors and standard errors of estimates. Table B .2 shows the sum of the ranks of the two systems associated with FM-3.
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